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Chapter 1

Operations With Series

We will define series

1X

kD0

akxk D a0 C a1x C a2x2 C a3x3 C a4x4 C � � � ; (1.1)

1X

kD0

bkxk D b0 C b1x C b2x2 C b3x3 C b4x4 C � � � ; (1.2)

1X

kD0

ckxk D c0 C c1x C c2x2 C c3x3 C c4x4 C � � � : (1.3)

The first two series will be assumed to be the known operands, so that the coefficientsak andbk are known.
We will wish to find the coefficientsck.
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1.1 Sum

The sum of two series is given by

1X

kD0

akxk C
1X

kD0

bkxk D
1X

kD0

ckxk: (1.4)

where

c0 D a0 C b0 (1.5)

c1 D a1 C b1 (1.6)

c2 D a2 C b2 (1.7)

c3 D a3 C b3 (1.8)

c4 D a4 C b4 (1.9)

c5 D a5 C b5 (1.10)

c6 D a6 C b6 (1.11)

c7 D a7 C b7 (1.12)

c8 D a8 C b8 (1.13)

In general,
ck D ak C bk (1.14)
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1.2 Difference

The difference of two series is given by

1X

kD0

akxk �
1X

kD0

bkxk D
1X

kD0

ckxk: (1.15)

where

c0 D a0 � b0 (1.16)

c1 D a1 � b1 (1.17)

c2 D a2 � b2 (1.18)

c3 D a3 � b3 (1.19)

c4 D a4 � b4 (1.20)

c5 D a5 � b5 (1.21)

c6 D a6 � b6 (1.22)

c7 D a7 � b7 (1.23)

c8 D a8 � b8 (1.24)

In general,
ck D ak � bk (1.25)
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1.3 Product

The product of two series is given by
 1X

kD0

akxk

!
�

 1X

kD0

bkxk

!
D

1X

kD0

ckxk (1.26)

where

c0 D a0b0 (1.27)

c1 D a0b1 C a1b0 (1.28)

c2 D a0b2 C a1b1 C a2b0 (1.29)

c3 D a0b3 C a1b2 C a2b1 C a3b0 (1.30)

c4 D a0b4 C a1b3 C a2b2 C a3b1 C a4b0 (1.31)

c5 D a0b5 C a1b4 C a2b3 C a3b2 C a4b1 C a5b0 (1.32)

c6 D a0b6 C a1b5 C a2b4 C a3b3 C a4b2 C a5b1 C a6b0 (1.33)

c7 D a0b7 C a1b6 C a2b5 C a3b4 C a4b3 C a5b2 C a6b1 C a7b0 (1.34)

c8 D a0b8 C a1b7 C a2b6 C a3b5 C a4b4 C a5b3 C a6b2 C a7b1 C a8b0 (1.35)

In general,

ck D
kX

iD0

ai bk�i (1.36)
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1.4 Quotient

The quotient of two series is given by

P1
kD0 bkxk

P1
kD0 akxk

D
1X

kD0

ckxk (1.37)

where

c0 D
b0

a0

(1.38)

c1 D
1

a0

�
b1 � c0a1

�
(1.39)

c2 D
1

a0

�
b2 � c1a1 � c0a2

�
(1.40)

c3 D
1

a0

�
b3 � c2a1 � c1a2 � c0a3

�
(1.41)

c4 D
1

a0

�
b4 � c3a1 � c2a2 � c1a3 � c0a4

�
(1.42)

c5 D
1

a0

�
b5 � c4a1 � c3a2 � c2a3 � c1a4 � c0a5

�
(1.43)

c6 D
1

a0

�
b6 � c5a1 � c4a2 � c3a3 � c2a4 � c1a5 � c0a6

�
(1.44)

c7 D
1

a0

�
b7 � c6a1 � c5a2 � c4a3 � c3a4 � c2a5 � c1a6 � c0a7

�
(1.45)

c8 D
1

a0

�
b8 � c7a1 � c6a2 � c5a3 � c4a4 � c3a5 � c2a6 � c1a7 � c0a8

�
(1.46)

Note that we must havea0 6D 0. If dividing by a series for whicha0 D 0, it will be necessary to factor the
appropriate power ofx from the divisor series to geta0 D 0 before applying these formulae.

In general, fork > 0,

ck D
1

a0

"
bk �

kX

iD1

ck�i ai

#
D

1

a0

"
bk �

k�1X

iD0

ak�i ci

#
(1.47)

In terms ofak only, for k > 0, the coefficientck may be found from the determinant of ak � k matrix:

ck D
.�1/k

akC1
0

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

.a1b0 � a0b1/ a0 0 : : : 0

.a2b0 � a0b2/ a1 a0 : : : 0

.a3b0 � a0b3/ a2 a1 : : : 0

: : :

: : :

.ak�1b0 � a0bk�1/ ak�2 ak�3 : : : a0

.akb0 � a0bk/ ak�1 ak�2 : : : a1

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

(1.48)
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1.5 Reciprocal

The reciprocal of a series may be found from the result of the previous section, settingb0 D 1 andbk D 0

for k > 0. The result is
1P1

kD0 akxk
D

1X

kD0

ckxk (1.49)

where

c0 D
1

a0

(1.50)

c1 D
�c0a1

a0

(1.51)

c2 D
1

a0

�
� c1a1 � c0a2

�
(1.52)

c3 D
1

a0

�
� c2a1 � c1a2 � c0a3

�
(1.53)

c4 D
1

a0

�
� c3a1 � c2a2 � c1a3 � c0a4

�
(1.54)

c5 D
1

a0

�
� c4a1 � c3a2 � c2a3 � c1a4 � c0a5

�
(1.55)

c6 D
1

a0

�
� c5a1 � c4a2 � c3a3 � c2a4 � c1a5 � c0a6

�
(1.56)

c7 D
1

a0

�
� c6a1 � c5a2 � c4a3 � c3a4 � c2a5 � c1a6 � c0a7

�
(1.57)

c8 D
1

a0

�
� c7a1 � c6a2 � c5a3 � c4a4 � c3a5 � c2a6 � c1a7 � c0a8

�
(1.58)

Note that we must havea0 6D 0. If dividing by a series for whicha0 D 0, it will be necessary to factor the
appropriate power ofx from the divisor series to geta0 D 0 before applying these formulae.

In general, fork > 0,

ck D �
1

a0

kX

iD1

ck�i ai D �
1

a0

k�1X

iD0

ak�i ci (1.59)

This latter result may also be found by settingn D �1 into the “powers” formula.
In terms ofak only, for k > 0, the coefficientck will be found from the determinant of ak � k matrix:

ck D
.�1/k

akC1
0

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

a1 a0 0 : : : 0

a2 a1 a0 : : : 0

a3 a2 a1 : : : 0

: : :

: : :

ak�1 ak�2 ak�3 : : : a0

ak ak�1 ak�2 : : : a1

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

(1.60)
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1.6 Powers

A series may be taken to a power:  1X

kD0

akxk

!n

D
1X

kD0

ckxk (1.61)

Heren may be positive or negative, integer or fractional. The coefficientsck are

c0 D an
0 (1.62)

c1 D
na1c0

a0

(1.63)

c2 D
1

2a0

�
.n � 1/a1c1 C 2na2c0

�
(1.64)

c3 D
1

3a0

�
.n � 2/a1c2 C .2n � 1/a2c1 C 3na3c0

�
(1.65)

c4 D
1

4a0

�
.n � 3/a1c3 C .2n � 2/a2c2 C .3n � 1/a3c1 C 4na4c0

�
(1.66)

c5 D
1

5a0

�
.n � 4/a1c4 C .2n � 3/a2c3 C .3n � 2/a3c2 C .4n � 1/a4c1 C 5na5c0

�
(1.67)

c6 D
1

6a0

�
.n � 5/a1c5 C .2n � 4/a2c4 C .3n � 3/a3c3 C .4n � 2/a4c2

C .5n � 1/a5c1 C 6na6c0

�
(1.68)

c7 D
1

7a0

�
.n � 6/a1c6 C .2n � 5/a2c5 C .3n � 4/a3c4 C .4n � 3/a4c3

C .5n � 2/a5c2 C .6n � 1/a6c1 C 7na7c0

�
(1.69)

c8 D
1

8a0

�
.n � 7/a1c7 C .2n � 6/a2c6 C .3n � 5/a3c5 C .4n � 4/a4c4

C .5n � 3/a5c3 C .6n � 2/a6c2 C .7n � 1/a7c1 C 8na8c0

�
(1.70)

In general, fork > 0,

ck D
1

ka0

k�1X

iD0

Œ.k � i/n � i �ak�i ci (1.71)
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1.7 Square

The square of a series is found by substitutingn D 2 into this result:

 1X

kD0

akxk

!2

D
1X

kD0

ckxk (1.72)

The coefficientsck are

c0 D a2
0 (1.73)

c1 D
2a1c0

a0

(1.74)

c2 D
1

2a0

�
a1c1 C 4a2c0

�
(1.75)

c3 D
1

a0

�
a2c1 C 2a3c0

�
(1.76)

c4 D
1

4a0

�
� a1c3 C 2a2c2 C 5a3c1 C 8a4c0

�
(1.77)

c5 D
1

5a0

�
� 2a1c4 C a2c3 C 4a3c2 C 7a4c1 C 10a5c0

�
(1.78)

c6 D
1

2a0

�
� a1c5 C a3c3 C 2a4c2 C 3a5c1 C 4a6c0

�
(1.79)

c7 D
1

7a0

�
� 4a1c6 � a2c5 C 2a3c4 C 5a4c3 C 8a5c2 C 11a6c1 C 14a7c0

�
(1.80)

c8 D
1

8a0

�
� 5a1c7 � 2a2c6 C a3c5 C 4a4c4 C 7a5c3 C 10a6c2 C 13a7c1 C 16a8c0

�
(1.81)

In general, fork > 0,

ck D
1

ka0

k�1X

iD0

.2k � 3i/ak�i ci (1.82)
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1.8 Reciprocal of Square

The reciprocal of the square of a series is found by substitutingn D �2 into this result:

 1X

kD0

akxk

!�2

D
1X

kD0

ckxk (1.83)

The coefficientsck are

c0 D
1

a2
0

(1.84)

c1 D
�2a1c0

a0

(1.85)

c2 D
1

2a0

�
� 3a1c1 � 4a2c0

�
(1.86)

c3 D
1

3a0

�
� 4a1c2 � 5a2c1 � 6a3c0

�
(1.87)

c4 D
1

4a0

�
� 5a1c3 � 6a2c2 � 7a3c1 � 8a4c0

�
(1.88)

c5 D
1

5a0

�
� 6a1c4 � 7a2c3 � 8a3c2 � 9a4c1 � 10a5c0

�
(1.89)

c6 D
1

6a0

�
� 7a1c5 � 8a2c4 � 9a3c3 � 10a4c2 � 11a5c1 � 12a6c0

�
(1.90)

c7 D
1

7a0

�
� 8a1c6 � 9a2c5 � 10a3c4 � 11a4c3 � 12a5c2 � 13a6c1 � 14a7c0

�
(1.91)

c8 D
1

8a0

�
� 9a1c7 � 10a2c6 � 11a3c5 � 12a4c4 � 13a5c3 � 14a6c2

� 15a7c1 � 16a8c0

�
(1.92)

In general, fork > 0,

ck D �
1

ka0

k�1X

iD0

.2k � i/ak�i ci (1.93)
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1.9 Cube

The cube of a series is found by substitutingn D 3 into this result:

 1X

kD0

akxk

!3

D
1X

kD0

ckxk (1.94)

The coefficientsck are

c0 D a3
0 (1.95)

c1 D
3a1c0

a0

(1.96)

c2 D
1

a0

�
a1c1 C 3a2c0

�
(1.97)

c3 D
1

3a0

�
a1c2 C 5a2c1 C 9a3c0

�
(1.98)

c4 D
1

a0

�
a2c2 C 2a3c1 C 3a4c0

�
(1.99)

c5 D
1

5a0

�
� a1c4 C 3a2c3 C 7a3c2 C 11a4c1 C 15a5c0

�
(1.100)

c6 D
1

3a0

�
� a1c5 C a2c4 C 3a3c3 C 5a4c2 C 7a5c1 C 9a6c0

�
(1.101)

c7 D
1

7a0

�
� 3a1c6 C a2c5 C 5a3c4 C 9a4c3 C 13a5c2 C 17a6c1 C 21a7c0

�
(1.102)

c8 D
1

2a0

�
� a1c7 C a3c5 C 2a4c4 C 3a5c3 C 4a6c2 C 5a7c1 C 6a8c0

�
(1.103)

In general, fork > 0,

ck D
1

ka0

k�1X

iD0

.3k � 4i/ak�i ci (1.104)
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1.10 Reciprocal of Cube

The reciprocal of the cube of a series is found by substitutingn D �3 into this result:

 1X

kD0

akxk

!�3

D
1X

kD0

ckxk (1.105)

The coefficientsck are

c0 D
1

a3
0

(1.106)

c1 D
�3a1c0

a0

(1.107)

c2 D
1

a0

�
� 2a1c1 � 3a2c0

�
(1.108)

c3 D
1

3a0

�
� 5a1c2 � 7a2c1 � 9a3c0

�
(1.109)

c4 D
1

2a0

�
� 3a1c3 � 4a2c2 � 5a3c1 � 6a4c0

�
(1.110)

c5 D
1

5a0

�
� 7a1c4 � 9a2c3 � 11a3c2 � 13a4c1 � 15a5c0

�
(1.111)

c6 D
1

3a0

�
� 4a1c5 � 5a2c4 � 6a3c3 � 7a4c2 � 8a5c1 � 9a6c0

�
(1.112)

c7 D
1

7a0

�
� 9a1c6 � 11a2c5 � 13a3c4 � 15a4c3 � 17a5c2 � 19a6c1 � 21a7c0

�
(1.113)

c8 D
1

4a0

�
� 5a1c7 � 6a2c6 � 7a3c5 � 8a4c4 � 9a5c3 � 10a6c2 � 11a7c1 � 12a8c0

�
(1.114)

In general, fork > 0,

ck D �
1

ka0

k�1X

iD0

.3k � 2i/ak�i ci (1.115)
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1.11 Square Root

The square root of a series is found by substitutingn D 1=2 into the previous result:

vuut
1X

kD0

akxk D
1X

kD0

ckxk (1.116)

The coefficientsck are

c0 D
p

a0 (1.117)

c1 D
a1c0

2a0

(1.118)

c2 D
1

4a0

�
� a1c1 C 2a2c0

�
(1.119)

c3 D
1

2a0

�
� a1c2 C a3c0

�
(1.120)

c4 D
1

8a0

�
� 5a1c3 � 2a2c2 C a3c1 C 4a4c0

�
(1.121)

c5 D
1

10a0

�
� 7a1c4 � 4a2c3 � a3c2 C 2a4c1 C 5a5c0

�
(1.122)

c6 D
1

4a0

�
� 3a1c5 � 2a2c4 � a3c3 C a5c1 C 2a6c0

�
(1.123)

c7 D
1

14a0

�
� 11a1c6 � 8a2c5 � 5a3c4 � 2a4c3 C a5c2 C 4a6c1 C 7a7c0

�
(1.124)

c8 D
1

16a0

�
� 13a1c7 � 10a2c6 � 7a3c5 � 4a4c4 � a5c3 C 2a6c2 C 5a7c1 C 8a8c0

�
(1.125)

In general, fork > 0,

ck D
1

2ka0

k�1X

iD0

.k � 3i/ak�i ci (1.126)
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1.12 Reciprocal of Square Root

The reciprocal of the square root of a series is found by substitutingn D �1=2 into the previous result:

 1X

kD0

akxk

!� 1
2

D
1X

kD0

ckxk (1.127)

The coefficientsck are

c0 D
1

p
a0

(1.128)

c1 D
�a1c0

2a0

(1.129)

c2 D
1

4a0

�
� 3a1c1 � 2a2c0

�
(1.130)

c3 D
1

6a0

�
� 5a1c2 � 4a2c1 � 3a3c0

�
(1.131)

c4 D
1

8a0

�
� 7a1c3 � 6a2c2 � 5a3c1 � 4a4c0

�
(1.132)

c5 D
1

10a0

�
� 9a1c4 � 8a2c3 � 7a3c2 � 6a4c1 � 5a5c0

�
(1.133)

c6 D
1

12a0

�
� 11a1c5 � 10a2c4 � 9a3c3 � 8a4c2 � 7a5c1 � 6a6c0

�
(1.134)

c7 D
1

14a0

�
� 13a1c6 � 12a2c5 � 11a3c4 � 10a4c3 � 9a5c2 � 8a6c1 � 7a7c0

�
(1.135)

c8 D
1

16a0

�
� 15a1c7 � 14a2c6 � 13a3c5 � 12a4c4 � 11a5c3 � 10a6c2

� 9a7c1 � 8a8c0

�
(1.136)

In general, fork > 0,

ck D �
1

2ka0

k�1X

iD0

.k C i/ak�i ci (1.137)
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1.13 Cube Root

The cube root of a series is found by substitutingn D 1=3 into the previous result:

3

vuut
1X

kD0

akxk D
1X

kD0

ckxk (1.138)

The coefficientsck are

c0 D 3
p

a0 (1.139)

c1 D
a1c0

3a0

(1.140)

c2 D
1

3a0

�
� a1c1 C a2c0

�
(1.141)

c3 D
1

9a0

�
� 5a1c2 � a2c1 C 3a3c0

�
(1.142)

c4 D
1

3a0

�
� 2a1c3 � a2c2 C a4c0

�
(1.143)

c5 D
1

15a0

�
� 11a1c4 � 7a2c3 � 3a3c2 C a4c1 C 5a5c0

�
(1.144)

c6 D
1

9a0

�
� 7a1c5 � 5a2c4 � 3a3c3 � a4c2 C a5c1 C 3a6c0

�
(1.145)

c7 D
1

21a0

�
� 17a1c6 � 13a2c5 � 9a3c4 � 5a4c3 � a5c2 C 3a6c1 C 7a7c0

�
(1.146)

c8 D
1

6a0

�
� 5a1c7 � 4a2c6 � 3a3c5 � 2a4c4 � a5c3 C a7c1 C 2a8c0

�
(1.147)

In general, fork > 0,

ck D
1

3ka0

k�1X

iD0

.k � 4i/ak�i ci (1.148)
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1.14 Reciprocal of Cube Root

The reciprocal of the cube root of a series is found by substitutingn D �1=3 into the previous result:

 1X

kD0

akxk

!� 1
3

D
1X

kD0

ckxk (1.149)

The coefficientsck are

c0 D
1

3
p

a0

(1.150)

c1 D
�a1c0

3a0

(1.151)

c2 D
1

3a0

�
� 2a1c1 � a2c0

�
(1.152)

c3 D
1

9a0

�
� 7a1c2 � 5a2c1 � 3a3c0

�
(1.153)

c4 D
1

6a0

�
� 5a1c3 � 4a2c2 � 3a3c1 � 2a4c0

�
(1.154)

c5 D
1

15a0

�
� 13a1c4 � 11a2c3 � 9a3c2 � 7a4c1 � 5a5c0

�
(1.155)

c6 D
1

9a0

�
� 8a1c5 � 7a2c4 � 6a3c3 � 5a4c2 � 4a5c1 � 3a6c0

�
(1.156)

c7 D
1

21a0

�
� 19a1c6 � 17a2c5 � 15a3c4 � 13a4c3 � 11a5c2 � 9a6c1 � 7a7c0

�
(1.157)

c8 D
1

12a0

�
� 11a1c7 � 10a2c6 � 9a3c5 � 8a4c4 � 7a5c3 � 6a6c2 � 5a7c1 � 4a8c0

�
(1.158)

In general, fork > 0,

ck D �
1

3ka0

k�1X

iD0

.k C 2i/ak�i ci (1.159)
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1.15 Identity

Series coefficients may be expressed by an identity transformation by settingn D 1. This allows each
coefficient of a series to be expressed in terms of previous coefficients:

1X

kD0

akxk D
1X

kD0

ckxk (1.160)

The coefficientsck are

c0 D a0 (1.161)

c1 D
a1c0

a0

D a1 (1.162)

c2 D
a2c0

a0

D a2 (1.163)

c3 D
1

3a0

�
� a1c2 C a2c1 C 3a3c0

�
D a3 (1.164)

c4 D
1

2a0

�
� a1c3 C a3c1 C 2a4c0

�
D a4 (1.165)

c5 D
1

5a0

�
� 3a1c4 � a2c3 C a3c2 C 3a4c1 C 5a5c0

�
D a5 (1.166)

c6 D
1

3a0

�
� 2a1c5 � a2c4 C a4c2 C 2a5c1 C 3a6c0

�
D a6 (1.167)

c7 D
1

7a0

�
� 5a1c6 � 3a2c5 � a3c4 C a4c3 C 3a5c2 C 5a6c1 C 7a7c0

�
D a7 (1.168)

c8 D
1

4a0

�
� 3a1c7 � 2a2c6 � a3c5 C a5c3 C 2a6c2 C 3a7c1 C 4a8c0

�
D a8 (1.169)

In general, fork > 0,

ck D
1

ka0

k�1X

iD0

.k � 2i/ak�i ci D ak (1.170)
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1.16 Series Substitution

1.17 Logarithms

1.18 Trigonometric Functions
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Chapter 2

Reversion of Series

Suppose we are given a power series

y D a1x C a2x2 C a3x3 C a4x4 C � � � (2.1)

This series may be solved forx as a power series iny:

x D A1y C A2y2 C A3y3 C A4y4 C � � � (2.2)

The coefficientsAk are given by (a1 6D 0)

A1 D
1

a1

(2.3)

A2 D �
a2

a3
1

(2.4)

A3 D
1

a5
1

�
2a2

2 � a1a3

�
(2.5)

A4 D
1

a7
1

�
5a1a2a3 � a2

1a4 � 5a3
2

�
(2.6)

A5 D
1

a9
1

�
6a2

1a2a4 C 3a2
1a2

3 C 14a4
2 � a3

1a5 � 21a1a2
2a3

�
(2.7)

A6 D
1

a11
1

�
7a3

1a2a5 C 7a3
1a3a4 C 84a1a3

2a3 � a4
1a6 � 28a2

1a2
2a4 � 28a2

1a2a2
3 � 42a5

2

�
(2.8)

A7 D
1

a13
1

�
8a4

1a2a6 C 8a4
1a3a5 C 4a4

1a2
4 C 120a2

1a3
2a4 C 180a2

1a2
2a2

3 C 132a6
2 � a5

1a7

�36a3
1a2

2a5 � 72a3
1a2a3a4 � 12a3

1a3
3 � 330a1a4

2a3

�
(2.9)

There is noa0 or A0 because ...???
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Chapter 3

Power Series Solutions to Ordinary
Differential Equations
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Chapter 4

Open issues

� How to take sines and cosines of series

� How to take a series to the power of a series

� How to deal witha0 = 0 (factor out powers ofx). Does this lead to series with a lower index less than
zero?

� Why no constant terms in series reversion formulae?
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